A new family of orthogonal polynomials in three variables by Aktaş, Rabia et al.
ar
X
iv
:1
91
2.
01
47
5v
1 
 [m
ath
.C
A]
  2
7 N
ov
 20
19
A NEW FAMILY OF ORTHOGONAL POLYNOMIALS IN THREE VARIABLES
RABI˙A AKTAS¸, IVA´N AREA, AND ESRA GU¨LDOG˘AN
Abstract. In this paper we introduce a six-parameter generalization of the four-parameter three-
variable polynomials on the simplex and we investigate the properties of these polynomials. Sparse
recurrence relations are derived by using ladder relations for shifted univariate Jacobi polynomials
and bivariate polynomials on the triangle. Via these sparse recurrence relations, second order partial
differential equations are presented. Furthermore, some connection relations are obtained between these
polynomials. Finally, new results for the four-parameter three-variable polynomials on the simplex are
given.
1. Introduction
The classical univariate Jacobi polynomials P
(a,b)
n (x) defined by the Rodrigues formula
P (a,b)n (x) =
(−1)n
2nn!
(1− x)−a (1 + x)−b
dn
dxn
{
(1− x)n+a (1 + x)n+b
}
, n ≥ 0,
are orthogonal with respect to the weight function wa,b(x) = (1 − x)a(1 + x)b on the interval (−1, 1)
for a, b > −1. The Jacobi polynomials on the interval (0, 1), also referred as shifted univariate Jacobi
polynomials [8], which we denote by P˜
(a,b)
n (x) := P
(a,b)
n (2x− 1),
P˜ (a,b)n (x) =
(−1)n
n!
(1− x)−ax−b
dn
dxn
{
(1− x)n+axn+b
}
, n ≥ 0, (1)
are orthogonal on the interval (0, 1) with respect to the weight function w˜a,b(x) = (1 − x)axb where
a, b > −1. Indeed, we have ∫ 1
0
P˜ (a,b)n (x)P˜
(a,b)
m (x)(1 − x)
axbdx = δm,nh
(a,b)
n ,
where
h(a,b)n =
Γ (a+ n+ 1)Γ (b+ n+ 1)
n! (a+ b+ 2n+ 1)Γ (a+ b+ n+ 1)
, (2)
with m,n ∈ N0 := N∪{0}, and δm,n is the Kronecker delta [10, 12].
In 1975, Koornwinder [6] gave a general method to derive multivariate orthogonal polynomials from
univariate orthogonal polynomials. One of the examples of Koornwinder’s method is the Jacobi poly-
nomials on the triangle
P
(a,b,c)
n,k (x, y) = P
(2k+b+c+1,a)
n−k (2x− 1) (1− x)
kP
(c,b)
k
(
2y
1− x
− 1
)
= P˜
(2k+b+c+1,a)
n−k (x) (1− x)
k
P˜
(c,b)
k
(
y
1− x
)
, k = 0, 1, . . . , n, n = 0, 1, . . . (3)
which are orthogonal on the two-dimensional simplex
T
2 := {(x, y) ∈ R2 : x, y > 0, 1− x− y > 0}, (4)
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with respect to the weight function wa,b,c(x, y) = x
ayb(1− x− y)c for a, b, c > −1,∫∫
T2
P
(a,b,c)
n,k (x, y)P
(a,b,c)
r,s (x, y)x
ayb(1− x− y)cdxdy
=
Γ (a+ n− k + 1)Γ (b+ c+ n+ k + 2)Γ (b+ k + 1)Γ (c+ k + 1)
(n− k)!k! (2n+ a+ b+ c+ 2) (2k + b+ c+ 1)Γ (n+ k + a+ b+ c+ 2)Γ (k + b + c+ 1)
δn,rδk,s.
(5)
In the recent paper [9], the authors introduce a bivariate four-parameter variant of the Koornwinder
polynomials on the triangle defined by
P
(a,b,c,d)
n,k (x, y) = P˜
(2k+b+c+d+1,a)
n−k (x)(1 − x)
kP˜
(c,b)
k
(
y
1− x
)
, (6)
where a, b, c, d > −1, n and k are integers satisfying 0 ≤ k ≤ n. These polynomials are orthogonal on
the two-dimensional simplex T2 defined in (4) with respect to the weight function
wa,b,c,d(x, y) = x
ayb(1− x− y)c(1− x)d.
Indeed, it follows∫∫
T2
P
(a,b,c,d)
n,k (x, y)P
(a,b,c,d)
r,s (x, y)x
ayb(1− x− y)c(1− x)ddxdy =
Γ (a+ n− k + 1)
(n− k)!k!
×
Γ (b+ c+ d+ n+ k + 2)Γ (b+ k + 1)Γ (c+ k + 1)
(2n+ a+ b+ c+ d+ 2) (2k + b+ c+ 1)Γ (n+ k + a+ b+ c+ d+ 2)Γ (k + b+ c+ 1)
δn,rδk,s. (7)
The special case d = 0 gives the bivariate Koornwinder polynomials on the triangle defined in (3). The
authors obtain sparse recurrence relations by using some differential relations mapping P
(a,b,c,d)
n,k (x, y)
to scalar multiple of P
(a˜,˜b,c˜,d˜)
n˜,k˜
(x, y), where the new parameters in P
(a˜,˜b,c˜,d˜)
n˜,k˜
(x, y) are n, k, a, b, c, or
d, respectively, or these values incremented or decremented by 1. This approach allows to derive new
recurrence relations for the bivariate (classical) Koornwinder polynomials P
(a,b,c)
n,k (x, y) (see [9]).
Let
T
3 := {(x, y, z) ∈ R3 : x, y, z > 0, 1− x− y − z > 0} (8)
be the three-dimensional simplex. In [3] it was introduced the following family of three-variable poly-
nomials three-variable polynomials
P (α,β,γ,δ)n (x, y, z) := P
(α,β,γ,δ)
n1,n2,n3
(x, y, z) = P (β+γ+δ+2n2+2n3+2,α)n1 (2x− 1) (1 − x)
n2
× P (γ+δ+2n3+1,β)n2
(
2y
1− x
− 1
)
(1− x− y)n3 P (δ,γ)n3
(
2z
1− x− y
− 1
)
, (9)
where n1, n2, n3, n ∈ N0 and n1 + n2 + n3 = n. These polynomials are orthogonal on the simplex T3
with respect to the weight function
wα,β,γ,δ(x, y, z) = x
αyβzγ(1− x− y − z)δ.
In this paper, we consider a six-parameter variant of the three-variable polynomials (9) defined as
P (α,β,γ,δ,a,b)n (x, y, z) := P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = P (β+γ+δ+a+b+2n2+2n3+2,α)n1 (2x− 1) (1− x)
n2
× P (γ+δ+2n3+b+1,β)n2
(
2y
1− x
− 1
)
(1− x− y)n3 P (δ,γ)n3
(
2z
1− x− y
− 1
)
, (10)
where n1, n2, n3, n ∈ N0 and n1 + n2 + n3 = n. The polynomials in (10) are orthogonal with respect
to weight function
wα,β,γ,δ,a,b(x, y, z) = x
αyβzγ(1− x− y − z)δ(1 − x)a (1− x− y)b
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on the simplex T3 defined in (8). More precisely,∫∫∫
T3
wα,β,γ,δ,a,b(x, y, z)P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z)P (α,β,γ,δ,a,b)m1,m2,m3 (x, y, z)dxdydz
= h(β+γ+δ+a+b+2n2+2n3+2,α)n1 h
(γ+δ+2n3+b+1,β)
n2
h(δ,γ)n3 δm1,n1δm2,n2δm3,n3 ,
where h
(a,b)
n is given in (2). The special case of a = b = 0 gives the orthogonal polynomials on the
simplex T3 [3].
The structure of this paper is as follows. In the next section, we remind some differential relations
and the corresponding sparse recurrence relations given in [9] for univariate (shifted) Jacobi polynomials
P˜
(a,b)
n (x) and the bivariate polynomials P
(a,b,c,d)
n,k (x, y). Some extra relations are also presented for
the bivariate polynomials, which are new to the best of our knowledge. In section 3, we give the
corresponding differential relations for the polynomials (10). Finally, in section 4 sparse recurrence
relations for the polynomials (9) are deduced.
2. Preliminaries
Let [9]
L˜1u =
du
dx
,
L˜2,a,b,nu = (a+ b+ n+ 1)u+ x
du
dx
,
L˜3,a,b,nu = (a+ b+ n+ 1)u− (1− x)
du
dx
,
L˜4,a,b,nu = (xa− (1− x) (b+ n+ 1))u− x(1 − x)
du
dx
,
L˜5,a,b,nu = (x (a+ n+ 1)− (1− x) b)u− x(1 − x)
du
dx
,
L˜6,bu = bu+ x
du
dx
,
L˜+1,a,bu = (xa− (1− x)b)u− x(1 − x)
du
dx
,
L˜+2,a,nu = (a+ (1− x)n) u− x(1 − x)
du
dx
,
L˜+3,b,nu = (b+ xn)u+ x(1 − x)
du
dx
,
L˜+4,nu = −nu+ x
du
dx
,
L˜+5,nu = nu+ (1 − x)
du
dx
,
L˜+6,au = au− (1 − x)
du
dx
.
Then, the following sparse recurrence relations for Jacobi polynomials hold true
L˜1P˜
(a,b)
n (x) = (n+ a+ b+ 1) P˜
(a+1,b+1)
n−1 (x),
L˜2,a,b,nP˜
(a,b)
n (x) = (n+ a+ b + 1) P˜
(a+1,b)
n (x),
L˜3,a,b,nP˜
(a,b)
n (x) = (n+ a+ b + 1) P˜
(a,b+1)
n (x),
L˜4,a,b,nP˜
(a,b)
n (x) = (n+ 1) P˜
(a−1,b)
n+1 (x),
L˜5,a,b,nP˜
(a,b)
n (x) = (n+ 1) P˜
(a,b−1)
n+1 (x),
L˜6,bP˜
(a,b)
n (x) = (n+ b) P˜
(a+1,b−1)
n (x),
L˜+1,a,bP˜
(a,b)
n (x) = (n+ 1) P˜
(a−1,b−1)
n+1 (x),
L˜+2,a,nP˜
(a,b)
n (x) = (n+ a) P˜
(a−1,b)
n (x),
L˜+3,b,nP˜
(a,b)
n (x) = (n+ b) P˜
(a,b−1)
n (x),
L˜+4,nP˜
(a,b)
n (x) = (n+ b) P˜
(a+1,b)
n−1 (x),
L˜+5,nP˜
(a,b)
n (x) = (n+ a) P˜
(a,b+1)
n−1 (x),
L˜+6,aP˜
(a,b)
n (x) = (n+ a) P˜
(a−1,b+1)
n (x).
Moreover, the following second order differential relations yield
L˜+1,a,bL˜1P˜
(a−1,b−1)
n (x) = n(n+ a+ b− 1)P˜
(a−1,b−1)
n (x),
L˜1L˜
+
1,a,bP˜
(a,b)
n (x) = (n+ 1)(a+ b + n)P˜
(a,b)
n (x),
L˜+2,a,nL˜2,a,b,nP˜
(a−1,b+1)
n (x) = (n+ a)(n+ a+ b+ 1)P˜
(a−1,b+1)
n (x),
L˜2,a,b,nL˜
+
2,a,nP˜
(a,b+1)
n (x) = (n+ a)(n+ a+ b+ 1)P˜
(a,b+1)
n (x),
L˜+3,b,nL˜3,a,b,nP˜
(a+1,b−1)
n (x) = (n+ b)(n+ a+ b+ 1)P˜
(a+1,b−1)
n (x),
L˜3,a,b,nL˜
+
3,b,nP˜
(a+1,b)
n (x) = (n+ b)(n+ a+ b+ 1)P˜
(a+1,b)
n (x),
L˜+4,nL˜4,a,b,nP˜
(a,b+1)
n−1 (x) = n(n+ b+ 1)P˜
(a,b+1)
n−1 (x),
L˜4,a,b,nL˜
+
4,nP˜
(a−1,b+1)
n (x) = n(n+ b+ 1)P˜
(a−1,b+1)
n (x),
L˜+5,nL˜5,a,b,nP˜
(a+1,b)
n−1 (x) = n(n+ a+ 1)P˜
(a+1,b)
n−1 (x),
L˜5,a,b,nL˜
+
5,nP˜
(a+1,b−1)
n (x) = n(n+ a+ 1)P˜
(a+1,b−1)
n (x),
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L˜+6,aL˜6,bP˜
(a−1,b)
n (x) = (n+ a)(n+ b)P˜
(a−1,b)
n (x),
L˜6,bL˜
+
6,aP˜
(a,b−1)
n (x) = (n+ a)(n+ b)P˜
(a,b−1)
n (x).
From the above relations we also have the following second order differential equations for the univariate
shifted Jacobi polynomials
L˜+1,a+1,b+1L˜1P˜
(a,b)
n (x) = n(n+ a+ b+ 1)P˜
(a,b)
n (x),
L˜1L˜
+
1,a,bP˜
(a,b)
n (x) = (n+ 1)(a+ b+ n)P˜
(a,b)
n (x),
L˜+2,a+1,nL˜2,a+1,b−1,nP˜
(a,b)
n (x) = (n+ a+ 1)(n+ a+ b+ 1)P˜
(a,b)
n (x),
L˜2,a,b−1,nL˜
+
2,a,nP˜
(a,b)
n (x) = (n+ a)(n+ a+ b)P˜
(a,b)
n (x),
L˜+3,b+1,nL˜3,a−1,b+1,nP˜
(a,b)
n (x) = (n+ b+ 1)(n+ a+ b+ 1)P˜
(a,b)
n (x),
L˜3,a−1,b,nL˜
+
3,b,nP˜
(a,b)
n (x) = (n+ b)(n+ a+ b)P˜
(a,b)
n (x),
L˜+4,n+1L˜4,a,b−1,n+1P˜
(a,b)
n (x) = (n+ 1)(n+ b + 1)P˜
(a,b)
n (x),
L˜4,a+1,b−1,nL˜
+
4,nP˜
(a,b)
n (x) = n(n+ b)P˜
(a,b)
n (x),
L˜+5,n+1L˜5,a−1,b,n+1P˜
(a,b)
n (x) = (n+ 1)(n+ a+ 1)P˜
(a,b)
n (x),
L˜5,a−1,b+1,nL˜
+
5,nP˜
(a,b)
n (x) = n(n+ a)P˜
(a,b)
n (x),
L˜+6,a+1L˜6,bP˜
(a,b)
n (x) = (n+ a+ 1)(n+ b)P˜
(a,b)
n (x),
L˜6,b+1L˜
+
6,aP˜
(a,b)
n (x) = (n+ a)(n+ b+ 1)P˜
(a,b)
n (x).
The first, second and the last two relations give exactly the second order differential equation for the
univariate shifted Jacobi polynomials. Moreover, the third, fourth, seventh, and eighth relations give the
second order differential equation for the univariate shifted Jacobi polynomials multiplied by x, while
the fifth, sixth, ninth, and tenth relations give the second order differential equation for the univariate
shifted Jacobi polynomials multiplied by 1− x.
By using these 12 relations, in [9] 24 relations for the bivariate orthogonal polynomials P
(a,b,c,d)
n,k (x, y)
defined in (6) are derived. These 24 relations map P
(a,b,c,d)
n,k (x, y) to a scalar multiple of P
(a˜,˜b,c˜,d˜)
n˜,k˜
(x, y),
where the new parameters in P
(a˜,˜b,c˜,d˜)
n˜,k˜
(x, y) are n, k, a, b, c or d, respectively, incremented or decremented
by 0 or 1. Following the notations in [9], let
M0,1u =
∂u
∂y
,
M0,2u = (k + b+ c+ 1)u+ y
∂u
∂y
,
M0,3u = (k + b+ c+ 1)u− (1− x− y)
∂u
∂y
,
M0,4u = (yc− (1 − x− y) (b+ k + 1))u− y(1− x− y)
∂u
∂y
,
M0,5u = (y (c+ k + 1)− (1− x− y)b)u− y(1− x− y)
∂u
∂y
,
M0,6u = bu+ y
∂u
∂y
,
M+0,1u = (yc− (1 − x− y)b)u− y(1− x− y)
∂u
∂y
,
M+0,2u =
(
c+ k −
yk
1− x
)
u−
y(1− x− y)
1− x
∂u
∂y
,
M+0,3u =
(
b+
ky
1− x
)
u+
y(1− x− y)
1− x
∂u
∂y
,
M+0,4u = −
k
1− x
u+
y
1− x
∂u
∂y
,
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M+0,5u =
k
1− x
u+
(
1−
y
1− x
)
∂u
∂y
,
M+0,6u = cu− (1− x− y)
∂u
∂y
,
and
M1,0u =
ku
1− x
+
∂u
∂x
− y1−x
∂u
∂y
,
M+1,0u = (x (k + a+ b+ c+ d+ 1)− a)u− x(1 − x)
∂u
∂x
+ xy
∂u
∂y
,
M2,0u = (n+ k + a+ b+ c+ d+ 2)u+
kx
1− x
u+ x
∂u
∂x
− xy1−x
∂u
∂y
,
M+2,0u = (n+ k + b+ c+ d+ 1− xn)u− x(1 − x)
∂u
∂x
+ xy
∂u
∂y
,
M3,0u = (n+ a+ b+ c+ d+ 2)u− (1− x)
∂u
∂x
+ y
∂u
∂y
,
M+3,0u = (a+ xn)u+ x(1 − x)
∂u
∂x
− xy
∂u
∂y
,
M4,0u = (x (n+ a+ b+ c+ d+ 2)− a− n+ k − 1)u− x(1− x)
∂u
∂x
+ xy
∂u
∂y
,
M+4,0u =
ku
1− x
− nu+ x
∂u
∂x
− xy1−x
∂u
∂y
,
M5,0u = x (n+ a+ b+ c+ d+ 2)u− au− x(1 − x)
∂u
∂x
+ xy
∂u
∂y
,
M+5,0u = nu+ (1− x)
∂u
∂x
− y
∂u
∂y
,
M6,0u = au+
kx
1− x
u+ x
∂u
∂x
− xy1−x
∂u
∂y
,
M+6,0u = (k + b+ c+ d+ 1)u− (1 − x)
∂u
∂x
+ y
∂u
∂y
.
The sparse recurrence relations are given as follows
M0,1P
(a,b,c,d)
n,k (x, y) = (k + b+ c+ 1)P
(a,b+1,c+1,d)
n−1,k−1 (x, y) ,
M+0,1P
(a,b,c,d)
n,k (x, y) = (k + 1)P
(a,b−1,c−1,d)
n+1,k+1 (x, y) ,
M0,2P
(a,b,c,d)
n,k (x, y) = (k + b+ c+ 1)P
(a,b,c+1,d−1)
n,k (x, y) ,
M+0,2P
(a,b,c,d)
n,k (x, y) = (k + c)P
(a,b,c−1,d+1)
n,k (x, y) ,
M0,3P
(a,b,c,d)
n,k (x, y) = (k + b+ c+ 1)P
(a,b+1,c,d−1)
n,k (x, y) ,
M+0,3P
(a,b,c,d)
n,k (x, y) = (k + b)P
(a,b−1,c,d+1)
n,k (x, y) ,
M0,4P
(a,b,c,d)
n,k (x, y) = (k + 1)P
(a,b,c−1,d−1)
n+1,k+1 (x, y) ,
M+0,4P
(a,b,c,d)
n,k (x, y) = (k + b)P
(a,b,c+1,d+1)
n−1,k−1 (x, y) ,
M0,5P
(a,b,c,d)
n,k (x, y) = (k + 1)P
(a,b−1,c,d−1)
n+1,k+1 (x, y) ,
M+0,5P
(a,b,c,d)
n,k (x, y) = (k + c)P
(a,b+1,c,d+1)
n−1,k−1 (x, y) ,
M0,6P
(a,b,c,d)
n,k (x, y) = (k + b)P
(a,b−1,c+1,d)
n,k (x, y) ,
M+0,6P
(a,b,c,d)
n,k (x, y) = (k + c)P
(a,b+1,c−1,d)
n,k (x, y) ,
and
M1,0P
(a,b,c,d)
n,k (x, y) = (n+ k + a+ b + c+ d+ 2)P
(a+1,b,c,d+1)
n−1,k (x, y) ,
M+1,0P
(a,b,c,d)
n,k (x, y) = (n− k + 1)P
(a−1,b,c,d−1)
n+1,k (x, y) ,
M2,0P
(a,b,c,d)
n,k (x, y) = (n+ k + a+ b + c+ d+ 2)P
(a,b,c,d+1)
n,k (x, y) ,
M+2,0P
(a,b,c,d)
n,k (x, y) = (n+ k + b+ c+ d+ 1)P
(a,b,c,d−1)
n,k (x, y) ,
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M3,0P
(a,b,c,d)
n,k (x, y) = (n+ k + a+ b + c+ d+ 2)P
(a+1,b,c,d)
n,k (x, y) ,
M+3,0P
(a,b,c,d)
n,k (x, y) = (n− k + a)P
(a−1,b,c,d)
n,k (x, y) ,
M4,0P
(a,b,c,d)
n,k (x, y) = (n− k + 1)P
(a,b,c,d−1)
n+1,k (x, y) ,
M+4,0P
(a,b,c,d)
n,k (x, y) = (n− k + a)P
(a,b,c,d+1)
n−1,k (x, y) ,
M5,0P
(a,b,c,d)
n,k (x, y) = (n− k + 1)P
(a−1,b,c,d)
n+1,k (x, y) ,
M+5,0P
(a,b,c,d)
n,k (x, y) = (n+ k + b+ c+ d+ 1)P
(a+1,b,c,d)
n−1,k (x, y) ,
M6,0P
(a,b,c,d)
n,k (x, y) = (n− k + a)P
(a−1,b,c,d+1)
n,k (x, y) ,
M+6,0P
(a,b,c,d)
n,k (x, y) = (n+ k + b+ c+ d+ 1)P
(a+1,b,c,d−1)
n,k (x, y) .
Moreover, the following second order differential relations hold
M+0,1M0,1P
(a,b−1,c−1,d)
n,k (x, y) = k (k + b+ c− 1)P
(a,b−1,c−1,d)
n,k (x, y) ,
M0,1M
+
0,1P
(a,b,c,d)
n,k (x, y) = (k + 1) (k + b+ c)P
(a,b,c,d)
n,k (x, y) ,
M+0,2M0,2P
(a,b+1,c−1,d)
n,k (x, y) = (k + c) (k + b+ c+ 1)P
(a,b+1,c−1,d)
n,k (x, y) ,
M0,2M
+
0,2P
(a,b+1,c,d)
n,k (x, y) = (k + c) (k + b+ c+ 1)P
(a,b+1,c,d)
n,k (x, y) ,
M+0,3M0,3P
(a,b−1,c+1,d)
n,k (x, y) = (k + b) (k + b+ c+ 1)P
(a,b−1,c+1,d)
n,k (x, y) ,
M0,3M
+
0,3P
(a,b,c+1,d)
n,k (x, y) = (k + b) (k + b+ c+ 1)P
(a,b,c+1,d)
n,k (x, y) ,
M+0,4M0,4P
(a,b+1,c,d)
n,k−1 (x, y) = k (k + b+ 1)P
(a,b+1,c,d)
n,k−1 (x, y) ,
M0,4M
+
0,4P
(a,b+1,c−1,d)
n,k (x, y) = k (k + b+ 1)P
(a,b+1,c−1,d)
n,k (x, y) ,
M+0,5M0,5P
(a,b,c+1,d)
n,k−1 (x, y) = k (k + c+ 1)P
(a,b,c+1,d)
n,k−1 (x, y) ,
M0,5M
+
0,5P
(a,b−1,c+1,d)
n,k (x, y) = k (k + c+ 1)P
(a,b−1,c+1,d)
n,k (x, y) ,
M+0,6M0,6P
(a,b,c−1,d)
n,k (x, y) = (k + b) (k + c)P
(a,b,c−1,d)
n,k (x, y) ,
M0,6M
+
0,6P
(a,b−1,c,d)
n,k (x, y) = (k + b) (k + c)P
(a,b−1,c,d)
n,k (x, y) ,
and
M+1,0M1,0P
(a−1,b,c,d−1)
n,k (x, y) = (n− k) (n+ k + a+ b + c+ d)P
(a−1,b,c,d−1)
n,k (x, y) ,
M1,0M
+
1,0P
(a,b,c,d)
n,k (x, y) = (n− k + 1) (n+ k + a+ b + c+ d+ 1)P
(a,b,c,d)
n,k (x, y) ,
M+2,0M2,0P
(a+1,b,c,d−1)
n,k (x, y) = (n+ k + a+ b+ c+ d+ 2)
× (n+ k + b+ c+ d+ 1)P
(a+1,b,c,d−1)
n,k (x, y) ,
M2,0M
+
2,0P
(a+1,b−1,c,d+1)
n,k (x, y) = (n+ k + a+ b+ c+ d+ 2)
× (n+ k + b+ c+ d+ 1)P
(a+1,b−1,c,d+1)
n,k (x, y) ,
M+3,0M3,0P
(a−1,b+1,c,d)
n,k (x, y) = (n+ k + a+ b+ c+ d+ 2) (n− k + a)P
(a−1,b+1,c,d)
n,k (x, y) ,
M3,0M
+
3,0P
(a,b+1,c,d)
n,k (x, y) = (n+ k + a+ b+ c+ d+ 2) (n− k + a)P
(a,b+1,c,d)
n,k (x, y) ,
M+4,0M4,0P
(a+1,b,c,d)
n−1,k (x, y) = (n− k) (n− k + a+ 1)P
(a+1,b,c,d)
n−1,k (x, y) ,
M4,0M
+
4,0P
(a+1,b−1,c,d)
n,k (x, y) = (n− k) (n− k + a+ 1)P
(a+1,b−1,c,d)
n,k (x, y) ,
M+5,0M5,0P
(a,b+1,c,d)
n−1,k (x, y) = (n− k) (n+ k + b+ c+ d+ 2)P
(a,b+1,c,d)
n−1,k (x, y) ,
M5,0M
+
5,0P
(a−1,b+1,c,d)
n,k (x, y) = (n− k) (n+ k + b+ c+ d+ 2)P
(a−1,b+1,c,d)
n,k (x, y) ,
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M+6,0M6,0P
(a,b,c,d−1)
n,k (x, y) = (n− k + a) (n+ k + b+ c+ d+ 1)P
(a,b,c,d−1)
n,k (x, y) ,
M6,0M
+
6,0P
(a−1,b,c,d)
n,k (x, y) = (n− k + a) (n+ k + b+ c+ d+ 1)P
(a−1,b,c,d)
n,k (x, y) .
The polynomials P
(a,b,c,d)
n,k (x, y) defined in (6) satisfy the following differential equations
L1u := y (1− x− y)
∂2u
∂y2
+ ((b+ 1) (1 − x)− (b+ c+ 2) y)
∂u
∂y
+ k (k + b+ c+ 1)u = 0, (11)
and
L2u := x(1 − x)
∂2u
∂x2
− 2xy
∂2u
∂x∂y
+ y(1− y)
∂2u
∂y2
+ (a+ 1− (a+ b+ c+ d+ 3)x)
∂u
∂x
+
(
b+ 1− (a+ b + c+ d+ 3) y +
yd
1− x
)
∂u
∂y
+
(
n (n+ a+ b+ c+ d+ 2)−
kd
1− x
)
u = 0. (12)
The equation (11) is given in [9]. From L2u−
1
1−xL1u = 0, it also yields
x(1 − x)
∂2u
∂x2
− 2xy
∂2u
∂x∂y
+
xy2
1− x
∂2u
∂y2
+ (a+ 1− (a+ b+ c+ d+ 3)x)
∂u
∂x
−
(
y(a+ 1− x(a+ b+ c+ d+ 3))
1− x
)
∂u
∂y
+
(
n (n+ a+ b+ c+ d+ 2)−
k (k + b+ c+ d+ 1)
1− x
)
u = 0. (13)
Remark 1. For second order differential equations in the first set given above, the first, second and the
last two equations give exactly the second order equation in the form of (11). The third, fourth, seventh
and eighth equations give the equation (11) multiplied by y. The fifth, sixth, ninth and tenth equations
give the equation (11) multiplied by 1− x− y.
For second order differential equations in the second set given above, the first, second and the last
two equations give exactly the second order equation in the form of (13). The third, fourth, seventh
and eighth equations give the equation (13) multiplied by x. The fifth, sixth, ninth and tenth equations
give the equation (13) multiplied by 1− x.
Remark 2. The partial differential equation (13) has also a monic solution [1], given by
P˜
(a,b,c,d)
n,k (x, y) = (−1)
n+k Γ (a+ n− k + 1)Γ (a+ b+ c+ d+ n+ k + 2)
Γ (a+ 1)Γ (a+ b+ c+ d+ 2n+ 2)
× yk 2F1
(
−n+ k, a+ b+ c+ d+ n+ k + 2
a+ 1
x
)
, (14)
which can be also written as
P˜
(a,b,c,d)
n,k (x, y) =
(n− k)!Γ (a+ b+ c+ d+ n+ k + 2)
Γ (a+ b+ c+ d+ 2n+ 2)
yk P˜
(b+c+d+2k+1,a)
n−k (x) (15)
in terms of shifted Jacobi polynomials P˜
(a,b)
n (x) defined in (1). Notice that in this representation of the
monic solution of the partial differential equation (13) the parameters of the shifted Jacobi polynomials
depend on the degree i.e. they are varying orthogonal polynomials [13].
3. Differential relations for P
(α,β,γ,δ,a,b)
n (x, y, z)
By using the 12 differential relations given in section 2 for the univariate shifted Jacobi polynomials
P˜
(a,b)
n (x) defined in (1) and the 24 differential relations also given in section 2 for the polynomials
P
(a,b,c,d)
n,k (x, y) defined in (6), we obtain 36 differential relations for P
(α,β,γ,δ,a,b)
n1,n2,n3 (x, y, z) defined in (10),
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which map P
(α,β,γ,δ,a,b)
n1,n2,n3 (x, y, z) to a scalar multiple of P
(α˜,β˜,γ˜,δ˜,a˜,˜b)
n˜1,n˜2,n˜3
(x, y, z) where the parameters in the
new family P
(α˜,β˜,γ˜,δ˜,a˜,˜b)
n˜1,n˜2,n˜3
(x, y, z) are n1, n2, n3, α, β, γ, δ, a, b incremented or decremented by 0 or 1.
Let
N0,1u =
n3u
1− x− y
+
∂u
∂y
−
z
1− x− y
∂u
∂z
,
N+0,1u = (y (γ + δ + n3 + b+ 1)− (1− x− y)β)u− y (1− x− y)
∂u
∂y
+ yz
∂u
∂z
,
N0,2u = (n2 + 2n3 + β + γ + δ + b+ 2)u+
n3y
1− x− y
u+ y
∂u
∂y
−
yz
1− x− y
∂u
∂z
,
N+0,2u = (n2 + 2n3 + γ + δ + b + 1)u−
(n2 + n3) y
1− x
u−
y (1− x− y)
1− x
∂u
∂y
+
yz
1− x
∂u
∂z
,
N0,3u = (n2 + n3 + β + γ + δ + b+ 2)u− (1− x− y)
∂u
∂y
+ z
∂u
∂z
,
N+0,3u =
(
β +
n2 + n3
1− x
y
)
u+
y (1− x− y)
1− x
∂u
∂y
−
yz
1− x
∂u
∂z
,
N0,4u = (y (n3 + γ + δ + b+ 1)− (1− x− y) (β + n2 + 1))u− y (1− x− y)
∂u
∂y
+ yz
∂u
∂z
,
N+0,4u = −
n2u
1− x
+
n3y
(1 − x) (1− x− y)
u+
y
1− x
∂u
∂y
−
yz
(1− x) (1− x− y)
∂u
∂z
,
N0,5u = (y (n2 + n3 + γ + δ + b+ 2)− (1− x− y)β) u− y (1− x− y)
∂u
∂y
+ yz
∂u
∂z
,
N+0,5u =
n2 + n3
1− x
u+
(
1−
y
1− x
)
∂u
∂y
−
z
1− x
∂u
∂z
,
N0,6u = βu+
n3y
1− x− y
u+ y
∂u
∂y
−
yz
1− x− y
∂u
∂z
,
N+0,6u = (γ + δ + n3 + b+ 1)u− (1− x− y)
∂u
∂y
+ z
∂u
∂z
,
and
N1,0u =
n2 + n3
1− x
u+
∂u
∂x
−
y
1− x
∂u
∂y
−
z
1− x
∂u
∂z
,
N+1,0u = (x (n2 + n3 + e+ 2)− α) u− x(1 − x)
∂u
∂x
+ xy
∂u
∂y
+ xz
∂u
∂z
,
N2,0u = (n+ n2 + n3 + e+ 3)u+
(n2 + n3)xu
1− x
+ x
∂u
∂x
−
xy
1− x
∂u
∂y
−
xz
1− x
∂u
∂z
,
N+2,0u = (n+ n2 + n3 + e− α+ 2− nx)u− x(1 − x)
∂u
∂x
+ xy
∂u
∂y
+ xz
∂u
∂z
,
N3,0u = (n+ e+ 3)u− (1 − x)
∂u
∂x
+ y
∂u
∂y
+ z
∂u
∂z
,
N+3,0u = (α+ nx) u+ x(1− x)
∂u
∂x
− xy
∂u
∂y
− xz
∂u
∂z
,
N4,0u = (x (n+ e+ 3)− α− n1 − 1)u− x(1− x)
∂u
∂x
+ xy
∂u
∂y
+ xz
∂u
∂z
,
N+4,0u = −nu+
(n2 + n3)u
1− x
+ x
∂u
∂x
−
xy
1− x
∂u
∂y
−
xz
1− x
∂u
∂z
,
N5,0u = ((n+ e+ 3)x− α)u− x(1 − x)
∂u
∂x
+ xy
∂u
∂y
+ xz
∂u
∂z
,
N+5,0u = nu+ (1− x)
∂u
∂x
− y
∂u
∂y
− z
∂u
∂z
,
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N6,0u = αu+
(n2 + n3)xu
1− x
+ x
∂u
∂x
−
xy
1− x
∂u
∂y
−
xz
1− x
∂u
∂z
,
N+6,0u = (n2 + n3 + e − α+ 2)u− (1− x)
∂u
∂x
+ y
∂u
∂y
+ z
∂u
∂z
,
as well as
O1,0u =
∂u
∂z
,
O+1,0u = (zδ − wγ)u− zw
∂u
∂z
,
O2,0u = (δ + γ + n3 + 1)u+ z
∂u
∂z
,
O+2,0u =
(
δ +
n3w
1− x− y
)
u−
zw
1− x− y
∂u
∂z
,
O3,0u = (δ + γ + n3 + 1)u− w
∂u
∂z
,
O+3,0u =
(
γ +
n3z
1− x− y
)
u+
zw
1− x− y
∂u
∂z
,
O4,0u = (zδ − w (γ + n3 + 1))u− zw
∂u
∂z
,
O+4,0u = −
n3u
1− x− y
+
z
1− x− y
∂u
∂z
,
O5,0u = ((δ + n3 + 1) z − wγ)u− zw
∂u
∂z
,
O+5,0u =
n3u
1− x− y
+
w
1− x− y
∂u
∂z
,
O6,0u = γu+ z
∂u
∂z
,
O+6,0u = δu− w
∂u
∂z
,
where n1 + n2 + n3 = n, α+ β + γ + δ + a+ b = e and w = 1− x− y − z.
The differential relations above are chosen so that the recurrence relations in the next theorem are
obtained for Ni,0 (or N
+
i,0) and N0,i (or N
+
0,i) by applying Mi,0 (or M
+
i,0) and M0,i (or M
+
0,i) to the
first part
P
(α,β,γ+δ+2n3+b+1,a)
n1+n2,n2 (x, y)
:= P (β+γ+δ+a+b+2n2+2n3+2,α)n1 (2x− 1) (1 − x)
n2P (γ+δ+2n3+b+1,β)n2
(
2y
1− x
− 1
)
,
respectively, and for Oi,0 (or O
+
i,0) by applying L˜i (or L˜
+
i ) to the second part P
(δ,γ)
n3
(
2z
1−x−y − 1
)
in the
polynomial P
(α,β,γ,δ,a,b)
n1,n2,n3 (x, y, z) for 1 ≤ i ≤ 6.
Theorem 1. The following sparse recurrence relations for P
(α,β,γ,δ,a,b)
n1,n2,n3 (x, y, z) hold true
N0,1P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 2n3 + β + γ + δ + b+ 2)P
(α,β+1,γ,δ,a,b+1)
n1,n2−1,n3
(x, y, z),
N+0,1P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 1)P
(α,β−1,γ,δ,a,b−1)
n1,n2+1,n3
(x, y, z),
N0,2P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 2n3 + β + γ + δ + b+ 2)P
(α,β,γ,δ,a−1,b+1)
n1,n2,n3
(x, y, z),
N+0,2P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 2n3 + γ + δ + b+ 1)P
(α,β,γ,δ,a+1,b−1)
n1,n2,n3
(x, y, z),
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N0,3P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 2n3 + β + γ + δ + b+ 2)P
(α,β+1,γ,δ,a−1,b)
n1,n2,n3
(x, y, z),
N+0,3P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + β)P
(α,β−1,γ,δ,a+1,b)
n1,n2,n3
(x, y, z),
N0,4P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 1)P
(α,β,γ,δ,a−1,b−1)
n1,n2+1,n3
(x, y, z),
N+0,4P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + β)P
(α,β,γ,δ,a+1,b+1)
n1,n2−1,n3
(x, y, z),
N0,5P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 1)P
(α,β−1,γ,δ,a−1,b)
n1,n2+1,n3
(x, y, z),
N+0,5P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 2n3 + γ + δ + b+ 1)P
(α,β+1,γ,δ,a+1,b)
n1,n2−1,n3
(x, y, z),
N0,6P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + β)P
(α,β−1,γ,δ,a,b+1)
n1,n2,n3
(x, y, z),
N+0,6P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 2n3 + γ + δ + b+ 1)P
(α,β+1,γ,δ,a,b−1)
n1,n2,n3
(x, y, z).
Moreover,
N1,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n+ n2 + n3 + e + 3)P
(α+1,β,γ,δ,a+1,b)
n1−1,n2,n3
(x, y, z),
N+1,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n1 + 1)P
(α−1,β,γ,δ,a−1,b)
n1+1,n2,n3
(x, y, z),
N2,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n+ n2 + n3 + e + 3)P
(α,β,γ,δ,a+1,b)
n1,n2,n3
(x, y, z),
N+2,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n+ n2 + n3 + e − α+ 2)P
(α,β,γ,δ,a−1,b)
n1,n2,n3
(x, y, z),
N3,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n+ n2 + n3 + e + 3)P
(α+1,β,γ,δ,a,b)
n1,n2,n3
(x, y, z),
N+3,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n1 + α)P
(α−1,β,γ,δ,a,b)
n1,n2,n3
(x, y, z),
N4,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n1 + 1)P
(α,β,γ,δ,a−1,b)
n1+1,n2,n3
(x, y, z),
N+4,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n1 + α)P
(α,β,γ,δ,a+1,b)
n1−1,n2,n3
(x, y, z),
N5,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n1 + 1)P
(α−1,β,γ,δ,a,b)
n1+1,n2,n3
(x, y, z),
N+5,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n+ n2 + n3 + e − α+ 2)P
(α+1,β,γ,δ,a,b)
n1−1,n2,n3
(x, y, z),
N6,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n1 + α)P
(α−1,β,γ,δ,a+1,b)
n1,n2,n3
(x, y, z),
N+6,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n+ n2 + n3 + e − α+ 2)P
(α+1,β,γ,δ,a−1,b)
n1,n2,n3
(x, y, z).
Also,
O1,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + δ + γ + 1)P
(α,β,γ+1,δ+1,a,b)
n1,n2,n3−1
(x, y, z),
O+1,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + 1)P
(α,β,γ−1,δ−1,a,b)
n1,n2,n3+1
(x, y, z),
O2,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + δ + γ + 1)P
(α,β,γ,δ+1,a,b−1)
n1,n2,n3
(x, y, z),
O+2,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + δ)P
(α,β,γ,δ−1,a,b+1)
n1,n2,n3
(x, y, z),
O3,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + δ + γ + 1)P
(α,β,γ+1,δ,a,b−1)
n1,n2,n3
(x, y, z),
O+3,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + γ)P
(α,β,γ−1,δ,a,b+1)
n1,n2,n3
(x, y, z),
O4,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + 1)P
(α,β,γ,δ−1,a,b−1)
n1,n2,n3+1
(x, y, z),
O+4,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + γ)P
(α,β,γ,δ+1,a,b+1)
n1,n2,n3−1
(x, y, z),
O5,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + 1)P
(α,β,γ−1,δ,a,b−1)
n1,n2,n3+1
(x, y, z),
O+5,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + δ)P
(α,β,γ+1,δ,a,b+1)
n1,n2,n3−1
(x, y, z),
O6,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + γ)P
(α,β,γ−1,δ+1,a,b)
n1,n2,n3
(x, y, z),
O+6,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + δ)P
(α,β,γ+1,δ−1,a,b)
n1,n2,n3
(x, y, z),
where n1 + n2 + n3 = n and α+ β + γ + δ + a+ b = e.
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Proof. Let us denote
P (α,β,γ,δ,a,b)n1,n2,n3 (x, y, z) := P
(α,β,γ+δ+2n3+b+1,a)
n1+n2,n2 (x, y) (1− x− y)
n3 P (δ,γ)n3
(
2z
1− x− y
− 1
)
.
If we apply M0,1 to the both sides of P
(α,β,γ,δ,a,b)
n1,n2,n3 (x, y, z), we have
N0,1P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (1− x− y)n3 P (δ,γ)n3
(
2z
1− x− y
− 1
)
M0,1P
(α,β,γ+δ+2n3+b+1,a)
n1+n2,n2 (x, y) .
From the relation
M0,1P
(a,b,c,d)
n,k (x, y) = (k + b + c+ 1)P
(a,b+1,c+1,d)
n−1,k−1 (x, y) ,
it follows
N0,1P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 2n3 + β + γ + δ + b+ 2)P
(α,β+1,γ,δ,a,b+1)
n1,n2−1,n3
(x, y, z).
Similarly, in view of Mi,0,M
+
i,0,M0,i,M
+
0,i, L˜i and L˜
+
i , 1 ≤ i ≤ 6, the other recurrence relations are
obtained. 
From these relations we have
N+0,1N0,1P
(α,β−1,γ,δ,a,b−1)
n1,n2,n3
(x, y, z) = n2 (n2 + 2n3 + β + γ + δ + b)P
(α,β−1,γ,δ,a,b−1)
n1,n2,n3
(x, y, z),
N0,1N
+
0,1P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 1) (n2 + 2n3 + β + γ + δ + b+ 1)P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z),
N+0,2N0,2P
(α,β+1,γ,δ,a,b−1)
n1,n2,n3
(x, y, z) = (n2 + 2n3 + β + γ + δ + b+ 2) (n2 + 2n3 + γ + δ + b+ 1)
× P (α,β+1,γ,δ,a,b−1)n1,n2,n3 (x, y, z),
N0,2N
+
0,2P
(α,β+1,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + 2n3 + β + γ + δ + b+ 2) (n2 + 2n3 + γ + δ + b+ 1)
× P (α,β+1,γ,δ,a,b)n1,n2,n3 (x, y, z),
N+0,3N0,3P
(α,β−1,γ,δ,a,b+1)
n1,n2,n3
(x, y, z) = (n2 + β) (n2 + 2n3 + β + γ + δ + b+ 2)P
(α,β−1,γ,δ,a,b+1)
n1,n2,n3
(x, y, z),
N0,3N
+
0,3P
(α,β,γ,δ,a,b+1)
n1,n2,n3
(x, y, z) = (n2 + β) (n2 + 2n3 + β + γ + δ + b+ 2)P
(α,β,γ,δ,a,b+1)
n1,n2,n3
(x, y, z),
N+0,4N0,4P
(α,β+1,γ,δ,a,b)
n1,n2−1,n3
(x, y, z) = n2 (n2 + β + 1)P
(α,β+1,γ,δ,a,b)
n1,n2−1,n3
(x, y, z),
N0,4N
+
0,4P
(α,β+1,γ,δ,a,b−1)
n1,n2,n3
(x, y, z) = n2 (n2 + β + 1)P
(α,β+1,γ,δ,a,b−1)
n1,n2,n3
(x, y, z),
N+0,5N0,5P
(α,β,γ,δ,a,b+1)
n1,n2−1,n3
(x, y, z) = n2 (n2 + 2n3 + γ + δ + b+ 2)P
(α,β,γ,δ,a,b+1)
n1,n2−1,n3
(x, y, z),
N0,5N
+
0,5P
(α,β−1,γ,δ,a,b+1)
n1,n2,n3
(x, y, z) = n2 (n2 + 2n3 + γ + δ + b+ 2)P
(α,β−1,γ,δ,a,b+1)
n1,n2,n3
(x, y, z),
N+0,6N0,6P
(α,β,γ,δ,a,b−1)
n1,n2,n3
(x, y, z) = (n2 + β) (n2 + 2n3 + γ + δ + b+ 1)P
(α,β,γ,δ,a,b−1)
n1,n2,n3
(x, y, z),
N0,6N
+
0,6P
(α,β−1,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n2 + β) (n2 + 2n3 + γ + δ + b+ 1)P
(α,β−1,γ,δ,a,b)
n1,n2,n3
(x, y, z),
and
N+1,0N1,0P
(α−1,β,γ,δ,a,b−1)
n1,n2,n3
(x, y, z) = n1 (n+ n2 + n3 + e+ 1)P
(α−1,β,γ,δ,a,b−1)
n1,n2,n3
(x, y, z),
N1,0N
+
1,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n1 + 1) (n+ n2 + n3 + e+ 2)P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z),
N+2,0N2,0P
(α+1,β,γ,δ,a,b−1)
n1,n2,n3
(x, y, z) = (n+ n2 + n3 + e+ 3) (n+ n2 + n3 + e− α+ 2)
× P (α+1,β,γ,δ,a,b−1)n1,n2,n3 (x, y, z),
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N2,0N
+
2,0P
(α+1,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n+ n2 + n3 + e+ 3) (n+ n2 + n3 + e− α+ 2)
× P (α+1,β,γ,δ,a,b)n1,n2,n3 (x, y, z),
N+3,0N3,0P
(α−1,β,γ,δ,a+1,b)
n1,n2,n3
(x, y, z) = (n1 + α) (n+ n2 + n3 + e+ 3)P
(α−1,β,γ,δ,a+1,b)
n1,n2,n3
(x, y, z),
N3,0N
+
3,0P
(α,β,γ,δ,a+1,b)
n1,n2,n3
(x, y, z) = (n1 + α) (n+ n2 + n3 + e+ 3)P
(α,β,γ,δ,a+1,b)
n1,n2,n3
(x, y, z),
N+4,0N4,0P
(α+1,β,γ,δ,a,b)
n1−1,n2,n3
(x, y, z) = n1 (n1 + α+ 1)P
(α+1,β,γ,δ,a,b)
n1−1,n2,n3
(x, y, z),
N4,0N
+
4,0P
(α+1,β,γ,δ,a,b−1)
n1,n2,n3
(x, y, z) = n1 (n1 + α+ 1)P
(α+1,β,γ,δ,a,b−1)
n1,n2,n3
(x, y, z),
N+5,0N5,0P
(α,β,γ,δ,a+1,b)
n1−1,n2,n3
(x, y, z) = n1 (n+ n2 + n3 + e− α+ 3)P
(α,β,γ,δ,a+1,b)
n1−1,n2,n3
(x, y, z),
N5,0N
+
5,0P
(α−1,β,γ,δ,a+1,b)
n1,n2,n3
(x, y, z) = n1 (n+ n2 + n3 + e− α+ 3)P
(α−1,β,γ,δ,a+1,b)
n1,n2,n3
(x, y, z),
N+6,0N6,0P
(α,β,γ,δ,a,b−1)
n1,n2,n3
(x, y, z) = (n1 + α) (n+ n2 + n3 + e− α+ 2)P
(α,β,γ,δ,a,b−1)
n1,n2,n3
(x, y, z),
N6,0N
+
6,0P
(α−1,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n1 + α) (n+ n2 + n3 + e− α+ 2)P
(α−1,β,γ,δ,a,b)
n1,n2,n3
(x, y, z),
as well as
O+1,0O1,0P
(α,β,γ−1,δ−1,a,b)
n1,n2,n3
(x, y, z) = n3 (n3 + γ + δ − 1)P
(α,β,γ−1,δ−1,a,b)
n1,n2,n3
(x, y, z),
O1,0O
+
1,0P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + 1) (n3 + γ + δ)P
(α,β,γ,δ,a,b)
n1,n2,n3
(x, y, z),
O+2,0O2,0P
(α,β,γ+1,δ−1,a,b)
n1,n2,n3
(x, y, z) = (n3 + δ) (n3 + γ + δ + 1)P
(α,β,γ+1,δ−1,a,b)
n1,n2,n3
(x, y, z),
O2,0O
+
2,0P
(α,β,γ+1,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + δ) (n3 + γ + δ + 1)P
(α,β,γ+1,δ,a,b)
n1,n2,n3
(x, y, z),
O+3,0O3,0P
(α,β,γ−1,δ+1,a,b)
n1,n2,n3
(x, y, z) = (n3 + γ) (n3 + γ + δ + 1)P
(α,β,γ−1,δ+1,a,b)
n1,n2,n3
(x, y, z),
O3,0O
+
3,0P
(α,β,γ,δ+1,a,b)
n1,n2,n3
(x, y, z) = (n3 + γ) (n3 + γ + δ + 1)P
(α,β,γ,δ+1,a,b)
n1,n2,n3
(x, y, z),
O+4,0O4,0P
(α,β,γ+1,δ,a,b)
n1,n2,n3−1
(x, y, z) = n3 (n3 + γ + 1)P
(α,β,γ+1,δ,a,b)
n1,n2,n3−1
(x, y, z),
O4,0O
+
4,0P
(α,β,γ+1,δ−1,a,b)
n1,n2,n3
(x, y, z) = n3 (n3 + γ + 1)P
(α,β,γ+1,δ−1,a,b)
n1,n2,n3
(x, y, z),
O+5,0O5,0P
(α,β,γ,δ+1,a,b)
n1,n2,n3−1
(x, y, z) = n3 (n3 + δ + 1)P
(α,β,γ,δ+1,a,b)
n1,n2,n3−1
(x, y, z),
O5,0O
+
5,0P
(α,β,γ−1,δ+1,a,b)
n1,n2,n3
(x, y, z) = n3 (n3 + δ + 1)P
(α,β,γ−1,δ+1,a,b)
n1,n2,n3
(x, y, z),
O+6,0O6,0P
(α,β,γ,δ−1,a,b)
n1,n2,n3
(x, y, z) = (n3 + γ) (n3 + δ)P
(α,β,γ,δ−1,a,b)
n1,n2,n3
(x, y, z),
O6,0O
+
6,0P
(α,β,γ−1,δ,a,b)
n1,n2,n3
(x, y, z) = (n3 + γ) (n3 + δ)P
(α,β,γ−1,δ,a,b)
n1,n2,n3
(x, y, z).
Theorem 2. The polynomials P
(α,β,γ,δ,a,b)
n1,n2,n3 (x, y, z) defined in (10) satisfy the following second order
partial differential equations
T1u := x(1 − x)uxx + y(1− y)uyy + z(1− z)uzz − 2xzuxz − 2yzuyz − 2xyuxy
+ (α+ 1− (α+ β + γ + δ + a+ b+ 4)x) ux +
(
β + 1− (α+ β + γ + δ + 4) y +
(a+ b)xy − by
1− x
)
uy
+
(
γ + 1− (α+ β + γ + δ + 4) z +
(a+ b)xz
1− x
+
byz
(1− x) (1− x− y)
)
uz
+
(
n (n+ α+ β + γ + δ + a+ b + 3)−
a (n2 + n3)
1− x
−
n3b
1− x− y
)
u = 0, (16)
T2u := y (1− x− y)uyy − 2yzuyz +
yz2
1− x− y
uzz + ((β + 1) (1− x− y)− (γ + δ + b+ 2) y)uy
+
1
1− x− y
((γ + δ + b + 2) yz − (β + 1) z (1− x− y))uz
+
(
(β + 1)n3 + n2 (n2 + 2n3 + β + γ + δ + b+ 2)−
n3 (γ + δ + b+ n3 + 1) y
1− x− y
)
u = 0, (17)
T3u := z (1− x− y − z)uzz + [(γ + 1) (1− x− y − z)− (δ + 1) z]uz + n3 (n3 + γ + δ + 1)u = 0, (18)
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and
T4u := x(1 − x)uxx +
xy2
1− x
uyy +
xz2
1− x
uzz − 2xyuxy − 2xzuxz +
2xyz
1− x
uyz
+ (α+ 1− (α+ β + γ + δ + a+ b+ 4)x) ux −
y
1− x
(α+ 1− (α+ β + γ + δ + a+ b+ 4)x) uy
−
z
1− x
(α+ 1− (α+ β + γ + δ + a+ b+ 4)x)uz
+
(
n (n+ α+ β + γ + δ + a+ b+ 3)−
(n2 + n3) (n2 + n3 + β + γ + δ + a+ b+ 2)
1− x
)
u = 0. (19)
Proof. The first equation is obtained from
−N10N
+
10 −
1
1− x
N01N
+
01 −
1
1− x− y
O10O
+
10
and, second and third equations follow from N01N
+
01 and O10O
+
10, respectively. From
T1u−
1
1− x
T2u−
1
1− x− y
T3u = 0,
we obtain the last equation. 
Remark 3. For a = b = 0, the first equation reduces to the partial differential equation [3] for the
polynomials P
(α,β,γ,δ)
n1,n2,n3 (x, y, z) defined in (9)
x(1 − x)uxx + y(1− y)uyy + z(1− z)uzz − 2xzuxz − 2yzuyz − 2xyuxy
+ (α+ 1− (α+ β + γ + δ + 4)x) ux + (β + 1− (α+ β + γ + δ + 4) y)uy
+ (γ + 1− (α+ β + γ + δ + 4) z)uz + n (n+ α+ β + γ + δ + 3)u = 0.
Remark 4. For the second order differential equations in the first set given above, the first, second and
the last two equations give the second order equation in the form of (17). The third, fourth, seventh
and eighth equations give the equation (17) multiplied by y. The fifth, sixth, ninth and tenth equations
give the equation (17) multiplied by 1− x− y. For the second order differential equations in the second
set, the first, second and the last two equations give the second order equation in the form of (19).
The third, fourth, seventh and eighth equations give the equation (19) multiplied by x. The fifth, sixth,
ninth and tenth equations give the equation (19) multiplied by 1 − x. Moreover, for the second order
differential equations given in the third set, the first, second and the last two equations give the second
order equation in the form of (18). The third, fourth, seventh and eighth equations give the equation
(18) multiplied by z. The fifth, sixth, ninth and tenth equations give the equation (18) multiplied by
1− x− y − z.
Remark 5. The partial differential equation (19) has also a monic solution given by
P˜ (α,β,γ,δ,a,b)n1,n2,n3 (x, y, z) =
(−1)n1 Γ(α+ n1 + 1)Γ(α+ β + γ + δ + a+ b+ n+ n2 + n3 + 3)
Γ(α+ 1)Γ(α+ β + γ + δ + a+ b+ 2n+ 3)
× yn2zn3 2F1
(
−n1, α+ β + γ + δ + a+ b+ n+ n2 + n3 + 3
α+ 1
x
)
, (20)
which can be written as
P˜ (α,β,γ,δ,a,b)n1,n2,n3 (x, y, z) =
n1!Γ(α+ β + γ + δ + a+ b+ n+ n2 + n3 + 3)
Γ(α+ β + γ + δ + a+ b+ 2n+ 3)
× yn2zn3 P˜ (β+γ+δ+a+b+2n2+2n3+2,α)n1 (x) (21)
in terms of shifted Jacobi polynomials.
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Theorem 3. The following connection relation holds true
P (α,β,γ,δ,a,b)n1,n2,n3 (x, y, z) =
n1∑
m=0
(−1)m (2n− 2m+ e − α+ ξ + 3)Γ (n+ n2 + n3 + e− α+ 3) (α− ξ)m
Γ (n+ n2 + n3 + e+ 3)Γ (2n−m+ e− α+ ξ + 4)
×
Γ (2n−m+ e+ 3)Γ (n+ n2 + n3 −m+ e− α+ ξ + 3)
m!Γ (n+ n2 + n3 −m+ e− α+ 3)
P
(ξ,β,γ,δ,a,b)
n1−m,n2,n3
(x, y, z)
where P
(α,β,γ,δ,a,b)
n1,n2,n3 (x, y, z) are defined in (10), e = α + β + γ + δ + a+ b, n = n1 + n2 + n3, and (λ)n
denotes the Pochammer symbol defined by (λ)n = λ (λ+ 1) · · · (λ+ n− 1); n ∈ N0, (λ)0 = 1.
Proof. It follows from the connection relation between univariate Jacobi polynomials [2, 5]
P (α,β)n (x) =
n∑
m=0
(−1)n−m (2m+ α+ δ + 1)Γ (n+ α+ 1)Γ (n+m+ α+ β + 1)
Γ (m+ α+ 1)Γ (n+ α+ β + 1)
×
Γ (m+ α+ δ + 1) (β − δ)n−m
Γ (n+m+ α+ δ + 2) (n−m)!
P (α,δ)m (x).

Theorem 4. The following connection relation holds true
P (α,β,γ,δ,a,b)n1,n2,n3 (x, y, z)
=
n1∑
k1=0
n2∑
k2=0
n3∑
k3=0
(k1 + 2n2 + 2n3 + β + γ + δ + a+ b+ 3)n1−k1 (n1 + 2n2 + 2n3 + e+ 3)k1
(n1 − k1)! (n2 − k2)! (n3 − k3)! (k1 + 2k2 + 2k3 + φ+ θ + ξ + η + a+ b+ 3)k1
×
(k2 + 2n3 + γ + δ + b+ 2)n2−k2 (n2 + 2n3 + β + γ + δ + b+ 2)k2 (k3 + δ + 1)n3−k3 (n3 + γ + δ + 1)k3
(k2 + 2k3 + θ + ξ + η + b+ 2)k2 (k3 + ξ + η + 1)k3
× 3F2
(
k1 − n1, n1 + 2n2 + 2n3 + k1 + e+ 3, k1 + 2k2 + 2k3 + θ + ξ + η + a+ b+ 3
2k1 + 2k2 + 2k3 + φ+ θ + ξ + η + a+ b+ 4, k1 + 2n2 + 2n3 + β + γ + δ + a+ b + 3
1
)
× 3F2
(
k2 − n2, n2 + 2n3 + k2 + β + γ + δ + b+ 2, k2 + 2k3 + ξ + η + b+ 2
2k2 + 2k3 + θ + ξ + η + b+ 3, k2 + 2n3 + γ + δ + b + 2
1
)
× 3F2
(
k3 − n3, n3 + k3 + γ + δ + 1, k3 + ξ + 1
2k3 + ξ + η + 2, k3 + δ + 1
1
)
× (1 − x)n2−k2 (1− x− y)n3−k3 P
(φ,θ,η,ξ,a,b)
k1,k2,k3
(x, y, z),
where P
(α,β,γ,δ,a,b)
n1,n2,n3 (x, y, z) are defined in (10).
Proof. The result is a consequence of the connection relation between univariate Jacobi polynomials
(see [7] and [4])
P (α,β)n (x) =
n∑
k=0
(k + α+ 1)n−k (n+ α+ β + 1)k
(n− k)! (k + γ + δ + 1)k
× 3F2
(
k − n, n+ k + α+ β + 1, k + γ + 1
2k + γ + δ + 2, k + α+ 1
1
)
P
(γ,δ)
k (x).

Theorem 5. For n ≥ 0, the three term recurrence relation holds
xP (α,β,γ,δ,a,b)n1,n2,n3 (x, y, z) =
(n1 + 1)(e + n+ n2 + n3 + 3)
(e + 2n+ 3) (e+ 2n+ 4)
P
(α,β,γ,δ,a,b)
n1+1,n2,n3
(x, y, z)
+
(α+ 2n1 + 1)(e+ 2n+ 2)− 2n1(α+ n1)
(e + 2n+ 2) (e+ 2n+ 4)
P (α,β,γ,δ,a,b)n1,n2,n3 (x, y, z)
+
(n+ n2 + n3 + e− α+ 2) (α+ n1)
(e+ 2n+ 2) (e+ 2n+ 3)
P
(α,β,γ,δ,a,b)
n1−1,n2,n3
(x, y, z),
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where n = n1 + n2 + n3 and e = α+ β + γ + δ + a+ b.
Proof. It is enough to use the three term recurrence relation [10, p.263, Eq. (1)] for the univariate
Jacobi polynomials. 
4. Sparse recurrence relations for P
(α,β,γ,δ)
n1,n2,n3 (x, y, z)
By combining the results given in the previous section, it is possible to derive sparse recurrence
relations between Koornwinder polynomials in three variables with different parameters and their partial
derivatives. We denote w = 1− x− y − z in the following results.
Corollary 6. The partial derivatives of P
(α,β,γ,δ)
n1,n2,n3 (x, y, z) can be expressed in terms of Koornwinder
polynomials in three variables with incremented parameters as follows
(2n2 + 2n3 + β + γ + δ + 2)
(
∂
∂x
−
∂
∂y
)
P (α,β,γ,δ)n1,n2,n3 (x, y, z)
= (n2 + 2n3 + β + γ + δ + 2) (n+ n2 + n3 + α+ β + γ + δ + 3)P
(α+1,β+1,γ,δ)
n1−1,n2,n3
(x, y, z)
− (n1 + 2n2 + 2n3 + β + γ + δ + 2) (n2 + 2n3 + γ + δ + 1)P
(α+1,β+1,γ,δ)
n1,n2−1,n3
(x, y, z), (22)
(2n3 + γ + δ + 1)
(
∂
∂z
−
∂
∂y
)
P (α,β,γ,δ)n1,n2,n3 (x, y, z)
= (n3 + δ) (n2 + 2n3 + γ + δ + 1)P
(α,β+1,γ+1,δ)
n1,n2,n3−1
(x, y, z)
− (n2 + 2n3 + β + γ + δ + 2) (n3 + γ + δ + 1)P
(α,β+1,γ+1,δ)
n1,n2−1,n3
(x, y, z), (23)
∂
∂z
P (α,β,γ,δ)n1,n2,n3 (x, y, z) = (n3 + γ + δ + 1)P
(α,β,γ+1,δ+1)
n1,n2,n3−1
(x, y, z), (24)
and
(2n2 + 2n3 + β + γ + δ + 2)
∂
∂z
(
∂
∂x
−
∂
∂y
)
P (α,β,γ,δ)n1,n2,n3 (x, y, z)
= (n2 + 2n3 + β + γ + δ + 2) (n+ n2 + n3 + α+ β + γ + δ + 3)
× (n3 + γ + δ + 1)P
(α+1,β+1,γ+1,δ+1)
n1−1,n2,n3−1
(x, y, z)
− (n1 + 2n2 + 2n3 + β + γ + δ + 2) (n2 + 2n3 + γ + δ + 1)
× (n3 + γ + δ + 1)P
(α+1,β+1,γ+1,δ+1)
n1,n2−1,n3−1
(x, y, z). (25)
Proof. The first relation comes from the equality
(
N1,0N0,3 −N
+
0,5N
+
6,0
)
u = (2n2 + 2n3 + β + γ + δ + 2)
(
∂
∂x
−
∂
∂y
)
u
when a = b = 0. The relation (23) is obtained when a = b = 0 since
(
O+5,0N
+
0,6 −N0,1O3,0
)
u = (2n3 + γ + δ + 1)
(
∂
∂z
−
∂
∂y
)
u.
The relation given by O1,0 in Theorem 1 for a = b = 0 gives (24). Finally, for the last relation, it is
enough to combine the first and the third relations. 
The derivatives of weighted versions of P
(α,β,γ,δ)
n1,n2,n3 (x, y, z) verify the following sparse recurrence rela-
tions.
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Corollary 7. The following relations hold true
(2n2 + 2n3 + β + γ + δ + 2)
(
∂
∂x
−
∂
∂y
)(
xαyβzγwδP (α,β,γ,δ)n1,n2,n3 (x, y, z)
)
= xα−1yβ−1zγwδ
{
(n1 + α) (n2 + 1)P
(α−1,β−1,γ,δ)
n1,n2+1,n3
(x, y, z)
− (n1 + 1) (n2 + β)P
(α−1,β−1,γ,δ)
n1+1,n2,n3
(x, y, z)
}
, (26)
(2n3 + γ + δ + 1)
(
∂
∂z
−
∂
∂y
)(
xαyβzγwδP (α,β,γ,δ)n1,n2,n3 (x, y, z)
)
= xαyβ−1zγ−1wδ
{
− (n2 + β) (n3 + 1)P
(α,β−1,γ−1,δ)
n1,n2,n3+1
(x, y, z)
+ (n2 + 1) (n3 + γ)P
(α,β−1,γ−1,δ)
n1,n2+1,n3
(x, y, z)
}
, (27)
∂
∂z
(
xαyβzγwδP (α,β,γ,δ)n1,n2,n3 (x, y, z)
)
= −xαyβzγ−1wδ−1 (n3 + 1)P
(α,β,γ−1,δ−1)
n1,n2,n3+1
(x, y, z), (28)
and
(2n2 + 2n3 + β + γ + δ + 2)
∂
∂z
(
∂
∂x
−
∂
∂y
)(
xαyβzγwδP (α,β,γ,δ)n1,n2,n3 (x, y, z)
)
= −xα−1yβ−1zγ−1wδ−1
{
(n1 + α) (n2 + 1) (n3 + 1)P
(α−1,β−1,γ−1,δ−1)
n1,n2+1,n3+1
(x, y, z)
− (n1 + 1) (n2 + β) (n3 + 1)P
(α−1,β−1,γ−1,δ−1)
n1+1,n2,n3+1
(x, y, z)
}
. (29)
Proof. The first relation is a consequence of
(
N+1,0N
+
0,3 −N0,5N6,0
)
u = (2n2 + 2n3 + β + γ + δ + 2)
(
xy
(
∂
∂y
−
∂
∂x
)
+ βx− αy
)
u
= − (2n2 + 2n3 + β + γ + δ + 2)x
1−αy1−βw−δ
(
∂
∂x
−
∂
∂y
)(
xαyβwδu
)
.
The second one comes from the relation(
O5,0N0,6 −N
+
0,1O
+
3,0
)
u = (2n3 + γ + δ + 1)
(
yz
(
∂
∂y
−
∂
∂z
)
+ βz − γy
)
u
= − (2n3 + γ + δ + 1) y
1−βz1−γw−δ
(
∂
∂z
−
∂
∂y
)(
yβzγwδu
)
.
The third relation holds from the relation
O+1,0u = (zδ − wγ)u− zw
∂u
∂z
= −z1−γw1−δ
∂
∂z
(
zγwδu
)
.
By taking into account the first and the third relations, we obtain the last relation. 
It is possible to write xP
(α,β,γ,δ)
n1,n2,n3 (x, y, z), yP
(α,β,γ,δ)
n1,n2,n3 (x, y, z), zP
(α,β,γ,δ)
n1,n2,n3 (x, y, z), and wP
(α,β,γ,δ)
n1,n2,n3 (x, y, z)
in terms of Koornwinder polynomials with different parameters as follows.
Corollary 8. The following relations are satisfied
(2n+ α+ β + γ + δ + 3)xP (α,β,γ,δ)n1,n2,n3 (x, y, z) = (n1 + α)P
(α−1,β,γ,δ)
n1,n2,n3
(x, y, z)
+ (n1 + 1)P
(α−1,β,γ,δ)
n1+1,n2,n3
(x, y, z), (30)
(2n+ α+ β + γ + δ + 3) (2n2 + 2n3 + β + γ + δ + 2) yP
(α,β,γ,δ)
n1,n2,n3
(x, y, z)
= (n+ n2 + n3 + β + γ + δ + 2) (n2 + β)P
(α,β−1,γ,δ)
n1,n2,n3
(x, y, z)
+ (n+ n2 + n3 + α+ β + γ + δ + 3) (n2 + 1)P
(α,β−1,γ,δ)
n1,n2+1,n3
(x, y, z)
− (n1 + 1) (n2 + β)P
(α,β−1,γ,δ)
n1+1,n2,n3
(x, y, z)− (n1 + α) (n2 + 1)P
(α,β−1,γ,δ)
n1−1,n2+1,n3
(x, y, z), (31)
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(2n+ α+ β + γ + δ + 3) (2n2 + 2n3 + β + γ + δ + 2) (γ + δ + 2n3 + 1) zP
(α,β,γ,δ)
n1,n2,n3
(x, y, z)
= (n+ n2 + n3 + β + γ + δ + 2) (n2 + 2n3 + γ + δ + 1) (n3 + γ)P
(α,β,γ−1,δ)
n1,n2,n3
(x, y, z)
− (n1 + 1) (n2 + 2n3 + γ + δ + 1) (n3 + γ)P
(α,β,γ−1,δ)
n1+1,n2,n3
(x, y, z)
− (n+ n2 + n3 + α+ β + γ + δ + 3) (n2 + 1) (n3 + γ)P
(α,β,γ−1,δ)
n1,n2+1,n3
(x, y, z)
+ (n1 + α) (n2 + 1) (n3 + γ)P
(α,β,γ−1,δ)
n1−1,n2+1,n3
(x, y, z)
+ (n+ n2 + n3 + α+ β + γ + δ + 3) (n2 + 2n3 + β + γ + δ + 2) (n3 + 1)P
(α,β,γ−1,δ)
n1,n2,n3+1
(x, y, z)
− (n1 + α) (n2 + 2n3 + β + γ + δ + 2) (n3 + 1)P
(α,β,γ−1,δ)
n1−1,n2,n3+1
(x, y, z)
− (n+ n2 + n3 + β + γ + δ + 2) (n2 + β) (n3 + 1)P
(α,β,γ−1,δ)
n1,n2−1,n3+1
(x, y, z)
+ (n1 + 1) (n2 + β) (n3 + 1)P
(α,β,γ−1,δ)
n1+1,n2−1,n3+1
(x, y, z), (32)
and
(2n+ α+ β + γ + δ + 3) (2n2 + 2n3 + β + γ + δ + 2) (γ + δ + 2n3 + 1)wP
(α,β,γ,δ)
n1,n2,n3
(x, y, z)
= − (n+ n2 + n3 + α+ β + γ + δ + 3) (n2 + 2n3 + β + γ + δ + 2) (n3 + 1)P
(α,β,γ,δ−1)
n1,n2,n3+1
(x, y, z)
+ (n1 + α) (n2 + 2n3 + β + γ + δ + 2) (n3 + 1)P
(α,β,γ,δ−1)
n1−1,n2,n3+1
(x, y, z)
+ (n+ n2 + n3 + β + γ + δ + 2) (n2 + β) (n3 + 1)P
(α,β,γ,δ−1)
n1,n2−1,n3+1
(x, y, z)
− (n1 + 1) (n2 + β) (n3 + 1)P
(α,β,γ,δ−1)
n1+1,n2−1,n3+1
(x, y, z)
+ (n+ n2 + n3 + β + γ + δ + 2) (n2 + 2n3 + γ + δ + 1) (n3 + δ)P
(α,β,γ,δ−1)
n1,n2,n3
(x, y, z)
− (n1 + 1) (n2 + 2n3 + γ + δ + 1) (n3 + δ)P
(α,β,γ,δ−1)
n1+1,n2,n3
(x, y, z)
− (n+ n2 + n3 + α+ β + γ + δ + 3) (n2 + 1) (n3 + δ)P
(α,β,γ,δ−1)
n1,n2+1,n3
(x, y, z)
+ (n1 + α) (n2 + 1) (n3 + δ)P
(α,β,γ,δ−1)
n1−1,n2+1,n3
(x, y, z). (33)
Proof. The first relation follows from
(
N+3,0 +N5,0
)
u = (2n+ α+ β + γ + δ + 3)xu. The second rela-
tion is satisfied by the equality
(2n+ α+ β + γ + δ + 3) (2n2 + 2n3 + β + γ + δ + 2) yu
= N+0,3
(
N+2,0 −N4,0
)
u+N0,5
(
N2,0 −N
+
4,0
)
u.
The third relation comes from
(2n+ α+ β + γ + δ + 3) (2n2 + 2n3 + β + γ + δ + 2) (γ + δ + 2n3 + 1) zu
=
(
O+3,0N
+
0,2 −O5,0N
+
0,4
) (
N+2,0 −N4,0
)
u−
(
O+3,0N0,4 −O5,0N0,2
) (
N2,0 −N
+
4,0
)
u.
The last one is obtained from the relation
(2n+ α+ β + γ + δ + 3) (2n2 + 2n3 + β + γ + δ + 2) (γ + δ + 2n3 + 1)wu
=
(
O4,0N
+
0,4 +O
+
2,0N
+
0,2
) (
N+2,0 −N4,0
)
u−
(
O4,0N0,2 +O
+
2,0N0,4
) (
N2,0 −N
+
4,0
)
u.

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